REGULARITY OF CONJUGACIES OF ALGEBRAIC 
ACTIONS OF ZARISKI DENSE GROUPS 



ALEXANDER GORODNIK, THERON HITCHMAN, RALF SPATZIER 

Abstract. Let ao be an affine action of a discrete group T on a compact 
homogeneous space X and a\ a smooth action of F on X which is C 1 -close 
to ao. We show that under some conditions, every topological conjugacy be- 
tween ao and ol\ is smooth. In particular, our results apply to Zariski dense 
subgroups of SLc((Z) acting on the torus T d and Zariski dense subgroups of 
a simple noncompact Lie group G acting on a compact homogeneous space 
X of G with an invariant measure. 
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1. Introduction 

The investigation of rigidity properties has been at the forefront of research 
in dynamics in the past two decades. Of particular interest has been the study 
of higher rank abelian groups and local rigidity of their actions by Hurder, 
Katok, Lewis, and the last author amongst others. Remarkably, many such 

A.G. was supported by NSF grants DMS 0400631, 0654413 and RCUK Fellowship, R.S. 
was supported by NSF Grant DMS 0604857 . 
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actions cannot be perturbed at all, in the sense that any C 1 -close perturbation 
is C^-conjugate to the original action. Critically, these groups contain higher 
rank abelian groups. Similar results were found for higher rank semisimple Lie 
groups and their lattices by Hurder, Lewis, Fisher, Margulis, Qian and others. 
We refer to [5] for a more extensive survey of these developments. 

Smoothness of the conjugacy for these actions came as quite a surprise. 
Classically, in fact, the stability results of Anosov and later Hirsch, Pugh and 
Shub guaranteed a continuous conjugacy or orbit equivalence between a single 
Anosov diffeomorphism or flow and their perturbations [T3]. Simple examples 
however show that such a conjugacy cannot be even C l in general. 

In the present paper, we investigate similar regularity phenomena for affine 
actions of a large class of groups. Notably, our results do not require the 
presence of higher rank subgroups or any assumptions on the structure of the 
group. In particular they hold for discrete subgroups of rank one semisimple 
groups. We recall that a group acts affinely on a homogeneous space if/A for 
H a Lie group and A a discrete subgroup if every element acts by an affine 
diffeomorphism i.e. one which lifts to a composite of a translation and an 
automorphism on H . We denote by Diff(A) the group of C°°-diffeomorphisms 
of a space X. 

For simplicity let us mention two corollaries of our main theorem in Section 

m 

Theorem 1.1. Let V C SL^(Z) for d > 2 be a finitely generated Zariski 
dense subgroup in SL<f(R), and ao the associated action on the d-torus T d . 
If a perturbation a± : T — > Diff(T d ) is sufficiently C 1 -close to ao, then any 
-conjugacy $ : T d i— > T d between ao and a± is a C°° -diffeomorphism. 

For d = 2, E. Cawley found a C 1+Q -regularity result for Zariski-dense sub- 
groups of SL 2 (Z) acting on the 2-torus in [3] in the early 1990 's. Her techniques 
however are restricted to the 2-torus due to the use of C 1+Q -regularity of stable 
foliations. Subsequently, the second author obtained a general C^-regularity 
theorem for groups acting on general tori in his thesis [13]. 

A second application of our main theorem to actions on homogeneous spaces 
of semisimple groups is novel. 

Theorem 1.2. Let G be a connected simple noncompact Lie group, A a cocom- 
pact lattice in G, and T a finitely generated Zariski dense subgroup of G. Let 
«o be the affine action ofT on G/A. If a C x '-action a± is sufficiently C 1 -close 
to ao, then any C° -conjugacy $ : G/A i— > G/A is a C°°- diffeomorphism. 

Let us note that our techniques are based on certain mixing properties of 
the actions and do not allow the treatment of actions on general nilmanifolds. 
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Fisher and Hitchman recently proved a local rigidity theorem for actions of 
lattices with the Kazhdan property [5|. We recall that an action a is called 
C^-rigid ^ an y (j k _ c \ ose perturbation of the action is C'-conjugate to a. 

Theorem 1.3 (Fisher-Hitchman). Let V be a lattice in a semisimple Lie group 
without compact factors which satisfies Kazhdan's property. Then any affine 
action a of T is C 3,0 '-locally rigid. 

Fisher and Hitchman actually prove this for quasi- affine actions, which are 
extensions of affine actions by isometries. Their technique is based on a type 
of heat flow. If a does not admit a common neutral direction, then Fisher 
and Hitchman's proof yields C 1,0 -local rigidity Using our regularity result, we 
immediately obtain 

Corollary 1.4. Let G be a simple noncompact Lie group which satisfies Kazh- 
dan's property, T a lattice in G, and X a compact homogeneous space of G 
supporting an invariant measure. Then the affine action of T on X is C 1,OQ - 
locally rigid. 

Remark 1.5. We can also deduce C 1 '°°-local rigidity for the action of a Kazh- 
dan lattice T, embedded in SL^(Z), on the torus T d under the assumption 
that T x T is not contained in the subvarieties det([X £ ,y] — id) = 0, £ > 1, 
<f)(£) < d 2 , where is the Euler totient function (see Lemma l4.2p . This as- 
sumption is needed to construct good pairs in T (see Definition 12. ip . 

Fisher and Hitchman proved C^'^-local rigidity for a more general class 
of actions of cocompact lattices in the same groups [8]. In particular their 
approach works on nilmanifolds. 

At the heart of our argument lies the investigation of sequences of the form 
ry-nfi^n f or ^- w0 hyperbolic elements 7 and 5 in "general position". Such ele- 
ments always exist in Zariski-dense groups. The behavior of these sequences 
is badly divergent in directions transverse to the fast stable direction of 7, 
and cannot be controlled. However, these sequences do converge along the 
fast stable manifolds of 7. This is elementary for an affine action. We prove 
C 1 -convergence for the perturbed action. These limiting maps along the fast 
stable foliation of 7 form a rich system which acts transitively along the fast 
stable leaves under suitable conditions. Moreover, the conjugacy $ between 
the actions will also intertwine these limiting maps along fast stables. It fol- 
lows that $ has to be C 1 along each of these fast stable manifolds. We prove 
smoothness in a separate argument. 

The proof of C 1 -convergence is technically the most difficult piece of the 
argument. It requires careful estimates which are an adaptation of the proof 
of Livsic' theorem for cocycles with non-abelian targets. 
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The use of sequences of the form 7~ n 57 n was introduced by Hitchman in 
his thesis [H]. His argument relied on the idea that the resulting limit maps 
along fast stable leaves often exhibit higher rank abelian behavior which could 
then be used to prove regularity similar to the case of actions by higher rank 
abelian groups. 

Let us comment that our arguments seem to be of rather general nature. In 
the weakly hyperbolic setting, the hard part in proving local rigidity results lies 
in getting a C°-conjugacy. Indeed, the common strategy for most of the known 
local rigidity results has been to show existence of a C°-conjugacy and then 
improve the regularity. Margulis-Qian in higher rank and Fisher-Hitchman for 
all Kazhdan Lie groups have the most extensive results [T51 [5] . The current 
paper shows regularity under rather general conditions, reducing smooth local 
rigidity to continuous local rigidity. To pinpoint precisely when local rigidity 
holds appears difficult. On the one hand, we have the results above for actions 
of lattices in the Kazhdan rank one groups. On the other hand, Fisher found 
non-trivial affine deformations of actions of lattices in SO(n, 1) resulting from 
"bending lattices" [BJ Ej . Finally, if the action has isometric directions, even 
regularity becomes difficult as evidenced even in higher rank by the works of 
Fisher and Margulis [TU] and Fisher and Hitchman [5]. 

1.1. Acknowledgement. We would like to thank R. Feres, A. Gogolev, J. Heinonen, 
B. Kalinin, and B. Schmidt for useful discussions. We also would like to thank 
a referee for careful reading and for pointing out some deficiencies in our orig- 
inal proofs. A.G. would like to express his thanks for hospitality to Princeton 
University, where part of this work was completed. 

2. Main result 

Let G be a connected Lie group, A a cocompact lattice in G, and X = G/A. 
The space X is equipped with a finite invariant Radon measure. The group 
Aff(X) of affine transformations of X consists of maps of the form 

/ : x i— > L g o a(x), x £ X, 

where L g denotes the left mutiplication action of g £ G and a is an automor- 
phism of G preserving A. Every such map / preserves the measure and defines 
an automorphism Df of Lie(G) ~ T e \(X) given by 

Df := Ad(g) o D(a) e . 

We denote by WJ 1111 the sum of the generalized eigenspaces of Df with eigen- 
values of minimal modulus and by p™ n : Lie(G) — > W™ m the projection map 
along the other generalized eigenspaces. 
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Definition 2.1. We call a pair /, g G Aff(A) good if the following conditions 
are satisfied: 

(i) The map Df is partially hyperbolic. 

(ii) The map Df : WJ 1111 — > WJ ltn is semisimple. 

(iii) The map pp m o Dg : W™ in — > WJ lln is nondegenerate. 

(iv) For every subsequence {rij} ; the sequence {f~ ni gf ni (x)} is dense in X 
for x in a set of full measure. 

If f° r f ^ Aff(X), there exists g G Aff(X) so that the pair f,g is good, we say 
f is a good mapping. 

Remark 2.2. In the case when the map Df : WJ ltn — > Wp m does not have 
a rotation component of infinite order (e.g., when dimW™ 171 = 1), it suffices 
to assume that the sequence {f~ n gf n (x)} is dense in X for x in a set of full 
measure. In general, we have to pass to a subsequence to guarantee that the 
maps f~ n gf n converge along the fast stable leaves as n — » oo (see Proposition 
EH). 

The theorems stated in the introduction will be deduced from the following 
general result: 

Main Theorem. Let V be a finitely generated discrete group and «o : T — > 
Aff(X) an affine action ofT such that 

• (Da )(T) acts irreducibly on Lie(G), 

• ao(r) contains a good pair. 

Let ot\ : T — > Diff(A) be a C°° -action ofT which is sufficiently C 1 -close to «o- 
Then every homeomorphism $ : X — > X satisfying 

$ o ao(7) = 0:1(7) ^ f or all ET 
is a C°° - diffeomorphism. 

Remark 2.3. Irreducibility of the action of T on Lie(G) is used in the following 
places: 

• In Section I3TT] to deduce weak hyperbolicity (see ([1])), 

• In Section |3~2| to construct essential sets (see Lemma 13.91) . 

• In Section 13.51 to deduce that $ is C°° from smoothness on subspaces 
of the fast stable leaves (see (15T|) ). 

Existence of good pairs for some classes of affine actions will be proved 
in Section |H In particular, Theorem 11.11 follows from the Main Theorem 
and Proposition I4.1[ and Theorem 11.21 follows from the Main Theorem and 
Proposition 14.41 
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Outline of the proof of the Main Theorem. Irreducibility of T-action and prop- 
erty (i) of a good pair are used to prove that $ is bi-H61der (Section EQ]) - Next, 
irreducibility of the T-action and property (ii) of a good pair are used to show 
that $ maps fast stable manifolds to fast stable manifolds (Section 13. 2j) . Prop- 
erty (ii) is also used to show that a subsequence of maps f~ n gf n restricted 
to fast stable manifolds is precompact in the C°-topology and, in fact, in the 
C -"--topology (Section [373]). Then one utilizes property (iii) of a good pair to 
deduce that the limits of these maps are homeomorphisms and property (iv) 
of a good pair to deduce that these limits generate transitive C 1 -action on 
fast stable manifolds. Using that $ is a conjugacy between the constructed 
C 1 -actions, we show that $ is C 1 along the fast stable leaves (Section 13. 4p . 
A more elaborate argument, which is based on the nonstationary Sternberg 
linearization [161 O E], shows that $ is C°° along some subspaces of fast 
stable leaves. Finally, we deduce that <J> is C°° on X from elliptic regularity 
using irreducibility of the T-action (Section l3.5p . □ 



We continue with the notation that X = G/A is a compact quotient of a 
connected Lie group G by a discrete subgroup Ac G. 

3.1. C° implies Holder. In this section, we will prove that the conjugacy 
map $ : X — > X in the Main Theorem is bi-Holder. The proof is similar to 
Proposition 5.7 of As they do not show that their map is Holder, and also 
use somewhat different hypotheses, we will give a proof here for simplicity. 

Following [Tj5] , we say that a C 1 -action a of a discrete group T on a compact 
manifold M is weakly hyperbolic when there is a choice of finitely many elements 
7i, . . . , 7^ in T such that each diffeomorphism a(7«) is partially hyperbolic and, 
for each point x G M, 



where W*, \(x) denotes the stable manifold of «(7«) through x. 

Theorem 3.1. Let T be a finitely generated discrete group, ao : T — >• Aff(A) 
be an affine weakly hyperbolic action, and a.\ : T — ► Diff 1 (A) a smooth action 
which is sufficiently C 1 -close to a^. Then every homeomorphism $ : X — ► X 
such that 



3. Proof of the Main Theorem 



(1) 




$ o ao(7) = or (7) o $ for all 7 G T 



is bi-Holder. 



The proof is divided into several lemmas. 
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Lemma 3.2. Let fi, . . . , fk be partially hyperbolic diffeomorphisms of X such 
that 

k 

T xWf.(x) = T X M for all x G X, 

i=l 

and gi, ■ ■ ■ ,gk are C x -close C 1 -diffeomorphisms. Then ^ 's are partially hyper- 
bolic and 

k 

T x W s g . (x) = T X M for all x EX. 

i=i 

Lemma 13.21 follows from stability of partial hyperbolicity under perturba- 
tions (see, for example, [201 Lemma 3.5]). 

Lemma 3.3. Let $ be a continuous conjugacy between two partially hyperbolic 
diffeomorphisms of a compact manifold. Then $ is bi-Holder continuous along 
the stable manifolds of these mappings. 

Lemma [3.31 follows from the standard argument as in [151 Theorem 19.1.2]. 

Lemma 3.4. Let a : T — ► Diff 1 (X) be a smooth weakly hyperbolic action and 
7i) • • • , Tit £ T satisfy (QJj. Then there exist c, e > such that for every x, y G X 
satisfying d(x, y) < e, there exists a path £ from x to y which consists of 2k 
pieces contained in stable manifolds of a(ji), . . . ,a(jk) } an d L(£) < cd(x,y). 

Proof. We will use an argument similar to [221 Lemma 3.1]. 

Let d = dimX. There exists a family of (global) continuous unit vector 
fields Vi, . . . , Vd that span the tangent space at every point and for some 1 = 
do < dx < ■ ■ ■ < d k = d + 1 and every i — 1, . . . , k, the vectors f^.x, • • • , v di-i 
are contained in the stable distribution of a(7«). Let 5 > 0. There exists 
5' > such that d(u,w) < 5' implies that d(vi(u), Vi(w)) < 5 for all i. By 
[181 Corollary 4.5], for every x G X, there exists e(x) > such that every 
y G B e f x \(x) can be connected to x by a path £ of length at most 8'/2, and 
for some = t < ti < ■ ■ ■ < ta = L(£), we have £'{t) = Vi(£(t)) when 
t G [ti-i,ti). Let e > be the Lebesgue number of the cover {B e ^(x)}. 
Then every y±,y2 G X such that d(yi,y 2 ) < e are connected by a path £ 
which consists of 2k pieces tangent to Vj's and L(£) < 5'. To estimate the 
distance d(yi,y 2 ), we may assume, without loss of generality, that we work 
in an open neighborhood of M. d equipped with the standard metric. By the 
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triangle inequality, 



Wi ~ V2\ 



> 



E(*» - U-i)vi(yi) 



E 



k(£(t))-^(»||cZt 



> (c-5)L( 



where 



c = mm 



l,yeX}>0. 



Taking S sufficiently small, this implies the estimate for L{£). Since the sta- 
ble distributions are uniquely integrable, -£( [t i _ 1 , t^) ) is contained in the stable 
manifold of a (7$). □ 



Proof of Theorem \3.1[ Let 71, . . . , 7& e T be elements satisfying ([T]). By Lemma 
13. 3[ the map $ is bi-H61der restricted to the stable manifolds of ao(7i)'s. By 
Lemma [3^1 for sufficiently close i,t/6 X, there exist points x = x, x±, . . . , x 2 k = 
y such that Xj_i and Xj are on the same stable manifold of some 0:0(7^), an d 
d(xj-i,Xj) < cd(x,y). Then 

2k 2k 

d($(x),$(y)) < ^d($(i H ) ) $(i i )) < E r /^ 1 ••'•.;)" 

3=1 3=1 

2k \ 

d{x, y y 



'E 

0=1 



where # = min^-. 

By Lemma l3~2l the action ai is also weakly hyperbolic. Then the proof that 
is Holder follows the same argument. □ 

3.2. Invariance of fast stable manifolds. Let / G Diff(X), and the tangent 
bundle TX has continuous /-invariant splitting 



(2) 



TX = E~ © E A 
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such that for some A G (0, 1) and p > A0 

(3) \\D(f n ) x v\\ < A"|M| for all n > 0, x G X, and u G £7", 

H-DCfO^II > £* n |MI for all n > 0, x G X, and u G 

We recall (see, for example, [201 Theorem 4.1]) that the distribution E~ is 
integrable to the fast stable foliation {Wj s (x)} x£ x, and this foliation is Holder 
continuous with C^-leaves. We denote by d^ s the induced metrics on the 
leaves of this foliation. For p > A and x, y G X such that y G Wj s (x), 

d fs (f n (x)J n (y))<^p n d^(x,y). 

There exists e > such that for every z,w G X satisfying w G Wj S {z) and 
df s (z,w) < €q, we have 

(4) d fs (z,w) < d(z,w) < d fs (z,w). 

Let fo G Aff(X) be such that Dfo is partially hyperbolic, and Ao < /io denote 
the least two absolute values of the eigenvalues of Df . If / G Diff(X) is a C 1 - 
small perturbation of fo, then we have a splitting as above with A = Ao + e and 
ji = jiQ — e for some small e > 0, depending on dc^(f, fo) (see [20], Lemma 3.5]). 
The fast stable manifolds Wj s {x) are defined with respect to this splitting. 
Note that 

W f fo s (x) = exp(W% in )x 

where exp is the Lie exponential map, and W™ n is defined as on page HI 
The aim of this section is to prove the following theorem. 

Theorem 3.5. Let a : T -> AS(X) and a x : T -> Diff(X) 6e C 1 -close 
actions of a finitely generated discrete group T, and let $ : X —* X be a 
homeomorphism such that 

$ o 0:0(7) = a i(7) ^ f or a M 7 G r. 

Assume that (Dao)(T) acts irreducibly on Lie(G). Then for every partially 
hyperbolic fo := 00(7) and / := 01(7), 7 G T, such that Dfo is semisimple on 

VV fo ' 

®(Wf Q s (z)) = H// s ($(2)) for all z eX. 

Moreover, the map $ is bi-Holder with respect to the induced metrics on fast 
stable leaves of f and f . 

1 The notation A <C B means that there exists c > 0, independent of other parameters, 
such that A < cB. 
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Let us start with some preliminary reductions. We will prove that 

(5) $-\wf s (z)) C for all z G X. 

This also implies that the equality. Indeed, it follows from (jSj) that every 
leaf W£($ _1 (z)) 

is a disjoint union of sets of the form $ for some 

y £ X. By [20], Lemma 3.5], the fast stable leaves of f and / have the same 
dimension. Hence, by the invariance of domain, every set is open 

in W^{^~ 1 {z)). Since Wj^(^~ 1 (z)) is connected, we deduce that 

^\Wj s {z)) = W^^~\z)). 

Let 

(6) S d {x) = : z G ^ f /s ($(x)), $(x)) < e'}. 
We will show that there exists e' G (0, eo) such that for every x G X, 

S^s) C W/ o s (x). 

This will imply the theorem. 

First, we observe the following property of points lying on the same fast 
stable leaf for affine actions: 

Proposition 3.6. Let fo,go G Aff(X) be such that (Z)/ )|u/ min i> s semisimple. 

fo 

Then there exists c > such that for every z,w G X satisfying w G Wj^(z) 
and n > k > 0, 

d(/o~Wo B (*),/o~Wo B H) < c\r k d fs (z,w) 
where Ao is the least absolute value of the eigenvalues of Dfo. 

Proof. It suffices to prove the proposition when d^ s (z,w) small. Write w = 
exp(v)z for v G Wj" in . Then 

w = eMD(fo k 9ofMfo k 9ofZ(z), 
and it suffices to show that for a norm on Lie(G), 

IWo"*Wo)w|l <AJ-*|H|, 
which is easy to check. □ 

A similar but weaker property also holds for small perturbations of affine 
actions: 
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Proposition 3.7. Let fo G Aff(X), g G Diff(X), and v > 1. Then there exists 
c > stzc/i i/iai for any sufficiently C 1 -small perturbations f G Diff(X) of f , 
z,w G X satisfying w G Wl s {z), and n > 0, 



(7) 



d(r n 9f n ^)J- n 9f n H) < cu n d^(z,w). 



Proof. Let Ao denote the least absolute value of the eigenvalues of Df . Take 
A_ < A < A + such that y~ < v. For / sufficiently C 1 -close to f , we have 



and 



IW 

D(f n )\ 



< X_ n for all u G X and n > 0, 



T u (Wj s (u)) 



< A" for all u G X and n > 0. 



This implies that 

D(r n gf 



\T u (W S f \u)) 



^ ) 



Let £ 
Then 



be a smooth curve in V^jf s (^) from z to w such that L{ 



df s (z, w). 



z,w 



for all n > 0. This proves the proposition. 



□ 



It turns out that property flTJ characterizes points lying on the same fast 
stable leaves. This observation is crucial for the proof of Theorem 13.51 and is 
the main point of Theorem 13.101 below. Since the proof of Theorem 13.101 is 
quite involved, we first present its linear analogue - Proposition 13.81 Although 
the argument in the proof of Theorem 13.101 follows the same idea, it requires 
more delicate quantitative estimates because we have to work in injectivity 
neighborhoods of the exponential map. 

Let A G GL/(IR). We denote by Ai < • • • < A^ the absolute values of the 
eigenvalues of A, and Pi denote the projection to the sum of the generalized 
eigenspaces of A corresponding to Aj along the other eigenspaces. 

Proposition 3.8. Let Bi, . . . , G GLj(R) be such that for some r] > 

(8) max \\PiBkV \\ > r)\\v\\ forallvEM 1 . 

k 

Then there exists v > 1 such that 



yyrnin 



{v : max \\A- n B k A n v\\ = 0(u n ) 

k 



as n 



oo}. 
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Proof. For every small p > there exists a norm on K (see [T5| Proposi- 
tion 1.2.2]) such that ||t>i + v 2 \\ = \\vi\\ + ||w2|| for V\ and v 2 in different gener- 
alized eigenspaces and 

(Aj - p)\\v\\ < \\Av\\ < (Xi + p)\\v\\, v G im(Pi). 

The parameter p is fixed, but has to be chosen sufficiently small so that 

(Ai - p)~ 1 (A 1 + p) < min(A! + p)~ 1 (A i - p). 

i>i 

It follows from (jSJ) that 

max \\A- n B k A n v\\ > ma,x(X l + p^'llP^^dl 

k k 

> p)- n r]\\A n v\\ 

> {\ x + py^Ys^i- pYWMY 

i 

We take v > 1 such that 

i/ < (Ai + p) _1 (Aj - p) for z > 1 and v > (Ai - p) _1 (Ai + p). 
Then max^ ||y4 _ri .Bfcy4""i;|| = 0(z/ n ) implies that PiV = for i > 1. Also, for 

u g 

max ||A- n 5 fc A n t;|| < (Ai - p)" n (max ||5 fc ||) (Ai + p) n = 0{v n ). 



\ k 

This proves the proposition. □ 

Proposition 13.71 and (j3J) imply that uniformly on z,w G X, satisfying w G 
H// S (;j) and d fs (z, w) < e , and n > 0, we have 

d(r n gf n (z),r n g r(w)) « *a^™)- 

Now we take g = cm (5) and go = oto(8) for some 5 G T. Since the action of 
T on Lie(G) is irreducible, Oq is weakly hyperbolic. Hence, by Theorem 13.11 
the conjugacy map $ and its inverse are Holder with some exponent 9 > 0. It 
follows that uniformly on x, y G X, satisfying y G S € >(x), and n > 0, 

(9) fo n 9ofo(y)) « rf(/~^r($(x)), rV"($M)) s 

< v 6n d{${x),<$>{y)) 6 
<^u en d(x,yf. 

Let Ai < ■ • ■ < \d be the absolute values of the eigenvalues of Df and Pi 
denote the projection from Lie(G) to the sum of the generalized eigenspaces 
of Dfo corresponding to A» along the other generalized eigenspaces. 
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We say that a set {g±, . . . ,gi} C Aff(X) is essential for f if for some r] > 
and every v G Lie(G), 

max \\Pi(Dg k )v\\ > rj\\v\\. 

k 

Note this definition does not depend on a choice of the norm. Existence of 
essential sets follows from the following lemma: 

Lemma 3.9. A set gi, . . . ,gi G Aff(X) is essential if and only if 

i 

(10) f}(Dg k y 1 ker(P 1 ) = 0. 

k=l 

In particular, every subgroup T C Aff(X) such that DY acts irreducibly on 
Lie(G) contains an essential set. 

Although the group V in the Main Theorem needs to be finitely generated, 
this assumption is not needed in Lemma 13.91 

Proof. Since the map 

v ^ (Pi(Dg k )v : k = 1, . . .1) : Lie(G) -> Lie(G)' 

is injective when fllOl) holds, one can take 

r) = minjmax ||Pi(£)g , fc)i'|| : \\v\\ = 1} > 0. 

k 

The converse is also clear. 

To prove the second claim, we observe that there exists a subset {g±, . . . ,gi} C 
T such that 

i 

f|(Dy fc ) -1 kBr(^) = f|(^)" lker ( p i)' 

k=i ger 

and this space is zero by irreducibility. □ 

The following theorem is the main ingredient of the proof of Theorem 13.51 

Theorem 3.10. There exists v = z/($, / ) > 1 such that given constants 
a, $ > 0, a map f G Aff(X) such that Df is semisimple on W™ n , an essential 
set ji,.,,,3|G CKo(r), and a family of subsets C e (x), x G X , of X that satisfy 

(i) x G £ e (x) C B € (x), 

(ii) U\C e (x))DC e (U\x)), 

(iii) for every y G C e (x) and n > 0, 

(11) maxd(f - n g k fZ(x)J - n g k fZ(y)) < av n d(x,y)», 
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one can choose e > such that 

C t (x) C Wf*(x) for every x G X. 

Outline of the proof of Theorem \3.1(K We first observe that the sets C e {x) lie 
in "cones" around W^(x) where the size of the cones is controlled by v and can 
be made sufficiently small (Lemma l3.1ip . Note that this argument is analogous 
to the proof of Proposition 13.81 but we can only derive a weaker conclusion 
because one has to work in injectivity neighborhoods of the exponential map. 
In the next step, we show that applying the map f^ 1 , the size of the cones can 
be made arbitrary small (Lemma 13. 1 2[) . This implies the theorem. □ 

We fix a norm on Lie(G), depending on parameter p > 0, as in the proof of 
Proposition 13.81 with A = Dfo. The parameter p has to be chosen sufficiently 
small. It controls the size of the cone in Lemma 13.111 We always take p > 
so that 

Aj < Xj — p when A, < Xj, 
Xi — p > 1 when Aj > 1, 
Aj + p < 1 when Aj < 1. 

Note that since (-D/o)lvF mi ™ i s semisimple, we also have 

fo 

\\(Df )v\\ =\i\\v\\, vexm(Pi), 

and 

ii(L>/ n<Ar" 

By the assumption on g^s, there exists rj > such that 
(12) max ||P 1 (ZW)'i;|| > 77IMI, v G Lie(G). 

k 

Let pi = A^(Ai + p) and <7j = For v G Lie(G), we define 

N{y) = maxlllP^H^ 1 } . 

For P, s > 0, we define 

C(P,s) = {v G Lie(G) : N(v) < f3\\v\\ s }. 

Lemma 3.11. There exist e, P > such that for every x, y G X satisfying 
d(x, y) < e and 07]) . 

y G exp(C(P,s))x. 
where s = s(u, p, / ) > is such that s — * 00 as v — >• 1 + and p — > + . 
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Proof. Let c\ = max^ 

There exist 5 > an d c o > 1 such that for every x G X and v G Lie(G) 
satisfying \\v\\ < 5 , we have 

(13) Co 1 !! 17 !! < d(x,exp(v)x) < co||f||. 

Let b > such that X^>i ^ = <W (2ci). We choose e > so that y) < e 
implies that y = exp(w)x where 

iV(u) < min{l,6} and \\v\\ < min {S , 5 /2ci} . 

Assuming that the claim fails, we will show that there exists n > such that 

(14) acf+VlMI* < max \\D(U n g k fZ)v\\ < 5 . 

k 

Since 

fo n 9kfZ(y)) = dtf^g k ft{x),exp{D(f^g k ft)v)frgkft(x)), 
we deduce from ( TTBl and ( fl4l that 

oc^V^dfoy))* < m8xcod(fc n g k fZ(x)Jrg k fZ(y)), 



which contradicts (111]) . 

To obtain the upper estimate in (JHj) , we observe that 



max||D(/ -^ fc / >|| < Ar n nwx||D(^/ >|| < A^cJi^H 

k k 



<c 1 \\P 1 v\\+K n ciY.( X i + P) n W P ^ 

< C1 H+ C1 5>?IIP, 

i>i 



We choose n > so that 



(!5) /^^L < ^ < 



N(v) ™ ~ N{v) 
Then 

^ N(vp ^ - N(vp 

and 

max |p(/ -^/ ")^|| < Cl \\v\\ + Cl ^^M^L < 5| 
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The lower estimate in ( IT4"|) is proved similarly using that gx, . . . ,gi is essential 
(see (EES)). Let jj > be such that X^ 1 (X j — p) — /i]~ 7j - We have 

mzx\\D(fo n g k fZ)v\\ > maxXr\\PiD(g k fZ)v\\ > Xi n V \\D(f^)v\\ 

k k 



>K n v (*nPiv\\ + ^j-p) n \\PM\^ 



> 



En(l-7j) II D 



i>i 



> 77(^ 1 6)^o( 1 -7io)AT( W ) CT io7io. 

where jo > 1 is such that HP/o^H 1 ^' — N(v). This implies that 
max\\D{fo n g k ft)v\\ > mm^bp^ N(v)^ . 

k j>l 

Let uj = lo ° gI/ . It follows from (1151) that the first inequality in (1141) is satisfied 
provided that 



or, 



,0+1 



Since this gives a contradiction, we deduce that 

acS+^IMI* > minr ? (/iT 1 fe) <T ^ 1 -^)A^(u) a,+ ^. 

i>i 

Hence, 

with explicit /3 > and s = fl/ioj + max 3 >i(o'j7 J -)). Clearly, s — > oo as v — > 1 + 
and p — ► + . This completes the proof. □ 

For z = 1, . . . , d and 5,f3,s> 0, we define 

QOM = Lie(G) : ||v|| < <5; HP^f* -1 < /3|M| S ; P^ = 0, j > i}. 

Lemma 3.12. For every 5,/3,s > 0, 

(L»/o)- 1 (CK/3, S ))cq a ( Pi /3 )S ). 

w/iere £ = max{l, ||(D/ ) _1 ||} and pt = (A, - (A* + p) s . 
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Proof. Let v G (L>/o)~ 1 (C'l(A s)). Then 

(A, - pp 1 \\PMr* 1 < P (j^Xj + p) \\pm\^ < Pfo + p)'\W- 

This implies the lemma. □ 

Proof of Theorem \3.1(A We start by setting up notation for the Jordan form 
of Dfo for A, = 1. It follows from our choice of the norm that there exist linear 
maps Qi, . . . , Qj such that 



(16) \\{DfS)v\ 



JO 

J=0 



for k > and v G im(Pj). 



Let s > be as in Lemma [3.111 Recall that s — > oo as v — > 1 + and p — > + . 
We choose p > and v > 1 so that 

s — cr^ 1 > when A, = 1, 

Pi := (A, - p)^ 1 (Xi + p) s < 1 when A* < 1. 

Let £ > 1 be as in Lemma fa. 121 and j3, e > as in Lemma [3. Ill Take 5 G (0, 1) 
such that for \\v\\ < £<5, the exponential coordinates v i— > exp(t>)z, zGl, are 
one-to-one, and 

(17) WQjP&W < P~ is - a ^ rl when A* = 1 and j = 0, . . ., jo- 
in addition, we assume that e is sufficiently small so that 

B e (x) C exp({||v|| < 5})x for all x E X. 
Then by Lemma [3.111 

(18) C e {x) C exp(C(/3, s) n {||u|| < <5})x for every x G X. 
In particular, 

(19) £ £ (x) Cexp(Cf(/?, S ))x. 

If Ad < 1, we argue as in the following paragraph. Otherwise, we observe 
that since 5 < 1, we have 

C^P, Sl )cC^P,s 2 ) for Sl>S2 , 

and hence inclusion ([TBI also holds for s > such that pd = (A^ — p)~ CTd (A^ + 
p) s < 1. Applying / _1 to (fT9|) . we deduce from Lemma [3. 121 that 

(20) £ £ (x) Cexp(Cj(p d /3, S ))x 
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for every x G X. Using that the exponential coordinates are one-to-one, we 
obtain from fl2DD and (JIHJ that 

C e (x) C exp(C$(p d (3,s))x. 
Repeating this argument, we conclude that 

C e (x) C p| ex P (CMP, s))x = exp(C 5 d (0, s))x. 

k>l 

Now fjl8p implies that 

£ t (x)Cexp(Ct\P,s))x. 

Applying the same reasoning inductively on i, we deduce that 

C e {x) C exp(Cj(0,s))x 

provided that A* > 1. It follows from (JTHJ) that C e (x) C exp^ -1 ((3 , s))x. 

Suppose Aj = 1 and £ e (x) C exp(C|(/3, s))a; for some (3 > 0. We will show 
that 

£ e (x) C exp(Cj(0,s))x. 

Applying /J" , we deduce that for y = exp(v)x e A(a^), |M| < 5, and k > 0, 
we have 

II (Atfwrr 1 < ( ^(A, + p) h \\P j v\\ + \\(DfS)P iV 

\j<i 

Using that Xj + p < 1 for j < i and taking fc — > oo, we deduce from (1161) that 

HQ^ir" < /3||g io p^n s . 

By the choice of 5 (see (117)1 ). ||Qj -Pif|| = 0. Similar arguments imply that 
||QjPi?;|| = for all j — 0, . . . , jo- Hence, PjW = and C e (x) C exp(C!(0, s))x. 
Combining this estimate with (JTHJ) , we deduce that £ e (a;) C exp(C^ _1 (/5, s))x. 

Now we consider the case when L e {x) C exp(Cj(/3, s)) for some % such that 
Aj < 1 and j3 > 0. Applying f^ 1 , it follows from Lemma [3.121 that 

C e (x) C exp(C^ s (piP, s))x for every x E X. 

Then it follows from (|18p that 

£ e (x) C exp(Q(pi/5, s))x, 

and repeating this argument, we deduce that 

C e (x) C f| exp(C*(pf/3, = exp(C*(0, s))x. 

k>l 
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Since the above argument can be applied inductively on i, and we conclude 
that C e (x) C exp(C|(0, s))x. This completes the proof. □ 

Proof of Theorem \3.5\ The first claim of Theorem 13.51 follows from Theorem 
13. 101 with C e (x) = S e r(x) where S e i(x) is as in (jBJ) with sufficiently small e' > 0. 
Note that cto(r) contains an essential subset by Lemma [3.91 and ( 111]) follows 
from where the parameter v is close to one if / and fo are C 1 -close. 

It remains to show that $ is bi-H61der with respect to the metrics d^ s . 
There exists e > such that for every x G X, any points z, w G X lying 
on the same local leaf of Wj s in B(x,e) satisfy (jl]). Let 5 > be such that 
&(Bs(y)) C B e ($(y)) for every y G X. Consider points z ,wo e X ly m S on 
the same leaf of Wj^ such that d^ s (zo, wq) < 5. Let £ be a curve from zq to wo 
contained in Wj^(zo) such that L{£) = d-f s (z ,wo)- Then $(£) is contained in 
B e ($(2b)) n W/ s ($(^ ))- Moreover, since $(£) is connected, is contained 
in a single local leaf of Wj s in i? e ($(zo))- Hence, 

d /s ($(z ), « d($(*b), *(w )). 

Since $ is Holder with respect to d, this implies that $ is Holder with respect 
to d^ s as well. The proof that $ _1 is Holder with respect to d^ s is similar. □ 

3.3. Convergence of the sequences f~ n gf n . In this section, we study con- 
vergence of the sequence of maps f~ n gf n as n — > oo. 
First, we consider the algebraic setting: 

Proposition 3.13. Let f ,g G Aff(X) 6e such that Df : W}™ n -> WJ™ n zs 
semisimple. Then 

(1) Given a sequence {m>i} such that 

{fo m% 9of^){x) ^y asi^oo 

for some x,y E X , the sequence of maps fo^Qof™* '■ Wj*(x) — » X is 
precompact in the C° -topology. 

(2) There exist a sequence {ni} and a linear map A : W™ n — > W™ n such 
that if for some x, y G X and a subsequence {ni^}, 

(fo 9o f7 3 )( X )^V as j ^ oo, 
then uniformly on v G WJ 1171 in compact sets, 

(fo %j 9ofo y ) expO)x -> exp(Av)y as j -> oo. 

T7ie map A is nondegenerate provided that P™ n Dgo : W 7 "™" — > H / j™ n 
zs nondegenerate. 
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Remark 3.14. If dimH 7 "™" = 1, one can take n« = i and A = P™ n Dg . In 
general, A = lim^oo LU~ ni P™ n (Dg )u; ni for some to G Isom(W™ n ). 

Proof. We have 

(fo n 9ofS )exp(v)x = exp(D(U n g fZ)v)(U n g fZ)x. 

It follows from the assumption on fo that 

Dfo\w min — A • a; 

/o 

where A > and uo is an isometry of W™ n . Then 

D(U n g fZ)v = (cu- n P^ n (Dg )u n )v + {Df )- n P^ IB (Dg )X n u n v 

where P™ n denotes the projection on W™ n and Pj^ ax denotes the projection 
on the sum of eigenspaces complimentary to W™™. Since u is an isometry, 
and 

(Df o y n P™ x (Dg )\ n uj n v - 0, 

it is clear that the sequence of maps v \—> D(f ~ n gofo)v is precompact in C°- 
topology. This implies that the sequence fo^gof™* \ w f°i x ) is precompact in 

fo 

C°-topology as well. 

To prove (2), it suffices to choose the sequence {rii} so that {u ni } converges. 
This proves the proposition. □ 

We show that the convergence of fo~ n 9ofo \ w f°( x ) persists under small per- 

fo 

turbations: 

Theorem 3.15. Let fo, go G Aff(X) satisfy 

(i) The map f is partially hyperbolic, 

(ii) The map Df : W™ n — > W™ n is semisimple. 

Let f,g G Diff(X) be C 1 -small perturbations of fo and go and $ : X — ► X a 
Holder isomorphism such that 

$ ° fo = f ° $ and $ o g = g o $ 

and 

${Wf o s {x)) = Wf s ($(x)) for every x G X . 

Then for every x G X and a sequence {rrii} as in Proposition \ 3.1$I 1), the 
sequence of maps 

r mi gf m :W f f s (x)^X, z>0, 
is precompact in the C 1 -topology. 
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Throughout this section, we assume that X is a submanifold of R , which 
allows us to identify tangent spaces at different points. 
We have a Holder continuous decomposition (cf. <^fy) 

(21) T X X = E~ © £+, x G X, 
where E~ = T x W f f s {x). Let 

P X :T X X^E~ and P+ : T X X -> £+ 

denote the corresponding projections. 

The following proposition is the main ingredient of the proof of Theorem 
EH 

Proposition 3.16. Let r > 0. T/ien under the assumptions of Theorem \3.1b\ 

for every x, y G X satisfying y G Wj s (x) and d^ s (x, y) < r, 

\\D(r n gP) x P x -D(r n gr) y P y \\ ^df s (x, y f\\D(f- n gr) x P x \\+6 n 
where d > and <5 n — > 0. 

Proof. Note that $ and $ _1 are also Holder with respect to the metrics d^ s on 
the fast stable leaves of fo and / (see proof of Theorem I3.5j) . By Proposition 

EH 

< A^- fc d /s (x,y) W0 

where c^o > is the Holder exponent of with respect to d^ s . Then it 
follows that we have the estimate 

(22) d(f- k gP(x), r k gf n (y)) « A£ ( "~ V s (x, y)^ 

where u > is the Holder exponent of <£> with respect to d. 
Since the decomposition 02ip is /-invariant, we have 

P f{x) D(f) x P x = D(f) x P x and Pf- Hx) D(r%P x = D{f- l ) x P x . 

By (EJ), there exist A G (0, 1) and \i > A such that 

(23) HWVall « A" and |p(rV I + ll«^ 

uniformly on x G X and n > 0. It is crucial for the proof that the map 
D{f) x P x is approximately conformal (cf. assumption (ii) on fo). Namely, for 
some small e > 0, 

(24) \\D(r n %P x \\ <(A-e)- 
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uniformly on x G X and n > 0. We also recall that for p > A and x, y G X 
such that y G Wj s (x), 

(25) ^(r(x),r(y))« P ^(x,i/). 

Note that the parameter e in fpHl) satisfies e — > as d c ^(fo, f) — > 0. We assume 
/ is sufficiently close to /o s° that 

( := (A-e)~ 1 Ap 9 < 1 and z/ := (A - e)" 1 AA^ < 1 

where # is the Holder exponent of the map x h- > P x . 
We have 

^(/"^r)xPx=^(/- n ) 9/ ^ :C ) J p 9 /"(x) J D^)/"( :C ) J D(r) a; p a; 

+ J D(/"") 9r(:E) P+ n(:[ . )J D(^) r(:c)J D(r) a; P x . 

It follows from (1231) that 

|P(/- B ) a /-(-)^fn ( , ) ^(»)/-(.)^(/ B )«^|l « A>" n - 0. 

Hence, to prove the theorem, it suffices to show that for 

A n{x) := ( Yl DU^f-igPix)] Pgf"(x)D(g)fn (x) ( Yl D (f)p(x)) P ^ 

we have 



\i=n— 1 / \i=n— 1 



\\A n (x)-A n {y)\\^dl s (x,yY\\A n (x)\\. 
We consider the operators 

A n . k (x,y) := 5 (/ _1 )/-'9/"(x) ^/"W^(9)f(i) 



ki=n— 1 



fc+1 \ / \ 

II WW) P / fe+1 W [Il D (f)f<(y)) P y 

=n—l / \i=k / 



Note that 

(26) \\A n (x) - A n ^{x,y)\\ < \\A n {x)\\ ■ \\P X - P X P V \\ < \\A n (x)\\d(x,y) e . 
Now we estimate \\A n!n -i(x,y) — A n ^i(x, y)\\. We use that 
A nik (x,y) - A nifc _i(x,y) = A n (x)B nik (x,y) 



REGULARITY OF CONJUGACTES 



where 



B n!k (x,y) := [Yl D (f)p(x)j P / fc+1 W i D (f)f k (y) P f k (y) ~ D U) p{x) p p(*) 

fl D(f)fHv) ) p v 
By ( |25|) . we have 

\\D(f) fHy) P fHy) - D(f) fHx) P fHx) \\ « d(f k (x)J k (y)f « p ek df s (x,y) e 
and by (j23j) and (j21j), 

\ 



n p i 

=k~i ) 



« (A - 6) 



-fe-i 



Hence, 

l|5n, fc (x,2/)||«C^ /S (x,2/) e 

Since £ < 1, it follows that 

n-l 

(27) ||A nin _i(x,?/) - A»,-i(a?,2/)|| < ^2 W A ^(x,y) - An tk -i(x,y)\\ 

k=0 

^\\A n (x)\\d- fs (x,y) e . 
We claim that for some c > and all k = —1, . . . , n — 1, 

(28) \\A n , k (x,y)\\ « (1 + crf /s (a;,y) e ) ■ |K(x)||. 
Setting 

Ck(x,y) := (n^(/)?i(,) ) P /*+H*) (tl D (f)f(y) ) P v> 



we have 

A n>k (x,y) = A n (x)C k (x,y). 
Now equation (1251) will follow from the estimate 

||L7 fc (x, 2 /)||«l + c^ s (x, 2 /) e . 
In fact, we will show that 

(29) \\C k (x,y)-P x P y \\ <£d fs {x,y) e 
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Using (ESD and ([24)), we deduce that 
\\C k (x,y) - C k -i(x,y)\\ 



U D W?\.)) p tH*) {D(f)]^D(f)f 



Hy) 



id 



,i=0 



II D <J)m p y 



\i=k-l 



«(A - e)- k d(f k (x), f\y)) e \ k « ( k d fs (x, y) e . 

Since C_i(x, y) = P x P y and £ < 1, the last estimate implies (129!) and ([28]) . 
Next, we consider the operators 

D n>k (x,y) :=[ D{f- 1 ) f - igfn{y) \ P f -, 



n D ^)t 



*gf n (x) 



\i=n—l 



=k-l 



Pgfn {x) D(g) f n ix) P f n {x) JJ D(f) fi{y) \ Py . 



\i=n—l 



Using f[2~2l . we deduce that 

WA^n-^x, y) - D n>n (x,y)\\ < \\P f -n gfn ^ - Pf-ngfn^Pf-ngfn^W ■ ||A n , n _i(x, 

«rf(/~^r(^),r^/ n (2/))lA n , n _ 1 (x, 2/ )|| 

«^ s (x,y)^||A ni „_ 1 (x,y)|| 

<^d^(x,y) e ^\\A n (x)\\. 

To estimate ||D n . n (x, y) — D ni0 (x, y)\\, we use the argument similar to the proof 
of d27J). We have 

P>n,k{x, y) - D n , k _i(x, y) = E n>k (x, y)A n ^ 1 (x, y) 



where 

E n ,k( x ^y) 



Yl D (f 1 )f- i gf n (y) P f- k g.f n (y) 



=n-l 



x ( D (f )f-( h -Vgf n (x) P f-( k -Vgr>(x) ~ D (f 1 )f-^- 1 hf n (y) P f- ( - k - 1) 9f n (y)) 



n-l 



X 



n D(f i ) f - lgfn[x) Pf~ n gf n {x) 



\i=k-l 



Applying ([21]), (|52|), and (123]) . we deduce that 

\\E n , k (x,y)\\^^- k d^(x,yY^ 
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Since v < 1, it follows that 
(30) 

n 

|| Ai,n(z, y) - Ai,o(a, J/) || < 2^ \\ D n,k{ X i V) - D n,k-l{x, Jj) \\ 



fe=l 



(31) « d'-foj/^IKn-ifoj/)!! « d /S (x )2 /)^P n (x) 

Next, we compare the maps A n (y) and D nt0 (x,y): 



\\A n (y) - D n;0 (x, 



11 W ^f-^riv) P i 



gf n (y) 



\.i=n—l 



{ P 9f n (y) D (9)f"(y)Pf»(y) ~ Pgf n (x)D(g) fn( x) Pfn {x) ) 



n d <j) 



v.i=n— 1 



We have 

|| P s/™(y)^(#W) p / n (y) -■ F ff/ tt (*)- D (^)/»(*)- p /»(*)|| < d(f n (x),f n (y)) e 

< p en d fs (x,y) e . 
Combining this estimate with (|23|) and ( 124|) . we deduce that 
\\A n (y)-D n>0 (x,y)\\ <^Cd fs (x,y) e . 
Finally, the proposition follows from the estimate 
\\A n (x) - A n (y)\\ <\\A n (x) - A n _i(x, y)\\ + ||A„ _i(x, y) - A n ,n-i(x, y)\\ 

+ ||A ni „_i(x, y) - D n , n (x,y)\\ + ||-D„,,„(x, y) - D nfi (x,y)\\ 
+ ||D ni0 (x,y) - A n (y)\\. 
This completes the proof. □ 

Proposition 3.17. Let xq G X and r > 0. T/ien under the assumptions of 
Theorem \3.15\ 

S uv{\\D(f- n gf n ) x P x \\ : x G Pvf (x ), d /s (x,x ) < r, n G N} < oo. 

Proof. Suppose that the claim fails, i.e., there exist sequences Xi G Wj s (x ), 
d^ s (xi,x ) < r, and G N, — »■ oo, such that 

WDif-^gf^P^W^oo. 

Passing to a subsequence, we may assume that Xi — > Xoo for some Xoo G 
(^o) such that ^(xo^Xo) < r. It follows from Proposition 13.161 that 

mi " ///" > (l-c-d'-c^aroonipa^r 4 )^!! - oo. 
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Let Vi G T Xao (Wf(xoo)) with \\vi\\ = 1 be such that 

\\D{r ni 9r) Xoo P x J\ = \\D(f-«gf nt ) XaB v i \\. 
Passing to a subsequence, we may assume that — > v^. We have 
l|£(r n< <7/ n< )^oo|| > WDU^gD^ViW - |W^/*)«.P,>ao-«i)|| 

> \\D(r n 'gf n % ao p x J\-a-\\vo -v l \\). 

Hence, for sufficiently large i, we have 

WDif^gD^W > IWDif-^gf^PxJ. 

Let a n = || J D(/" n 5'/ n )x 00 Woo||- Note that a rH -> oo. 

Fix small e > 0. Let x G Wj s (xoo) be such that d^ s (x,x 00 ) < e and v G 
T x Wj s (x) such that \\v — v^W < e - We have 

\\D{r n gf n ) x v - Dingn^w <\\D(r n 9 n x p x v - w^n^^ii 

+ \\D(r n g r) Xoo p Xoo v - mi ■■ ! ,n,j>, 

<:df s {x,x oo r\\D{r n gP) XaD P x J\ + 5 n 

+ \\D(f- n gr) Xoo P x .JHIv-tU 
<(e K a n + 5 n ) + ea n . 

For some p = p(e) > 0, there exists a smooth curve £ : [0,p] — > W/ s (a; clo ) such 
that 

£(o) = xoo, £'(o) = Woo , £'(0 e T <(t) w/ 8 (^(t)), 

diam(£([0,p])) < e, - f (0)|| < e. 

We consider the sequence of curves £ n = (f~ n gf n )£- Note that ||^(0)|| = a n , 
and it follows from the previous computation that, choosing e sufficiently small, 

114(0 -4(0)11 < ^114(0)11 

for all t G [0,p] and sufficiently large i. Since 11^.(0)11 ~^ °°' ^ follows that 
the distance between £ ni (fy an d 40°) m ^ ne am bient Eucledean space goes to 
infinity as i — > oo. This contradiction proves the proposition. □ 

Proof of Theorem \3.15[ By Proposition 13.131 (1). the maps {f~ mi gf mi \w fs (x)} 
are precompact in C°-topology. Then it follows from Proposition 13.171 that 
the maps {f~ mi gf mi \ w f s ( x )} are uniformly bounded in the C 1 -topology. Also, 
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combining Proposition 13.161 and Proposition 13.171 we obtain that for every z 
and w in a compact neighborhood of x in Wj s (x), 

\\D(f- mi gf m %P z - D(r m >gf m %P w \\ « d^ s (z, w) K + <W 
Since 5 mi — > 0, it follows that the maps {/~ m4 fi'/ mi | l 4/ /s (x)} are equicontinuous 
in the C 1 -topology. This implies the theorem. □ 

3.4. Holder implies C 1 along fast stable manifolds. 

Theorem 3.18. Let fo,go £ AS(X) be a good pair, f,g E Diff(X) C 1 -small 
perturbations of fo,go, and $ : X — > X a Holder isomorphism such that 

$ ° fo = f ° $ $ o g = g o $, 

and 

^(Wj o s (x)) = W f f s {${x)) for all x G X. 
Then for a. e. i£l, the maps §\ w fs^ and < ^ )— 1 1 v^ /s («i>(a;)) are C l -diffeomorphisms. 



Proof. Fix a sequence {n^} and A G GL(Wj^ m ) as in Proposition 13.13( 2). For 
a set of x G X of full measure, the sequence {fo ni gofo i ( x )} * s dense in X. In 
particular, for G X and every y G Wj*(x), there exists a subsequence 

{rii } such that / ^po/o * J ( x ) ~^ !/■ Then by Proposition 13.13( 2). for every 

(32) /„ n * j g fo lj (exp(v)x) -> exp(Aw)?/ 

uniformly on compact sets. 

For fceN and y G Wf*(x), we consider maps 

Pfc,„ : Wfo fa) Wfofa) : exp(w)x i-> exp(A fc t;)?/, 
p\ y : ty/ s ($(x)) -> W// S ($(x)) : ^(exp(v)x) i-> $ (exp(A fc t;)?/) , 
where w G W™ n . Note that 

(33) ^ = ^0^0$. 

In particular, it follows that p^. y is a homeomorphism, and by fl32l) . 

^,«= J ^ J (/" n< ^/ n<, ')U/'(*( a! ))- 



w/ s ($(a:)) 



in the C°-topology. By Theorem l3.15[ the sequence of maps (/ nij gf nij 

is precompact in the C 1 -topology. Hence, there exists a subsequence which con- 
verges in the C 1 -topology, and p\ y is a C 1 -map for every y G Wj*(x). Since 
each map p\ y , k > 1, is a composition of maps it is also C 1 . 
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Next, we show that 

(34) D{p\ y ) z ^ for every y G Wj Q s (x) and z G W} s ($(x)). 

Suppose that, to the contrary, D(p\ yo ) ZQ = for some yo G W^ix) and 

z Q G Wj- S ($(x)). We claim that for every y G W^(x), there exists y\ G W^(x) 
such that 

( 35 ) Ply = PlyAvo- 

Indeed, if we write y = exp(t>)x, y\ = exp(t>!)x, y = exp(t> )x for some 
v,V\,v G W™ n , then ( 1351) is equivalent to 

A 2 w + v = A(Aw + v ) +v u weW% in , 
and we can take V\ — v — Avq. Now by fl33l) and (1351) . 

P2,y = Pi, yi Pi,y - 

Hence, D(p\ y ) Zo = for every y G iy^ s (x). Similarly, using ( l33l . we deduce 
that for every z G Wjf^^x)), there exists y z G W£ s (a;) such that p\ yz {z) = z . 
If we fix y 2 G W^(x), there exists ^ G Wj*(x) such that 

Then we have 

D(p\ y2 ) z = for every z G W/ S ($(x)). 
This contradicts the map p\ y2 being a homeomorphism, and (I34I) follows. We 
have proved that y is a C ,1 -diffeomorphism for every y G W^(x). This 
implies that the map pl y , which can be represented as a composition of p\ 
and (Pi )22 ) _1 , is also a C 1 -diffeomorphism for every y G W^ s (x). 
We have a free transitive action of W™ n on ^^(^(x)) defined by 

(36) s(v, $(exp(w)x)) = <3>(exp(f + w)x) 

where v, w G W^ in . Note that the action s : PV]™ n x Wf s ($(x)) -> W// S ($(x)) 
is continuous, and since 

s(v, $(exp(w)x)) = pi cxp(l))x ($(exp(w)x)), 

the map s(t>, •) is a C 1 -diffeomorphism for every v G W™ n . Hence, by the 
Bochner-Montgomery theorem [3], the map s is C 1 . Now it follows from fl36l) 
that the map $ x (w) := $>(exp(v)x) is C 1 . 

Suppose that for some v G W™ n , we have 0'(O) = where <f>(t) = <&(exp(tv)x). 
Then since 0(ti + t) = Pg cxp( . to ^($(exp(t 1 w)x)), it follows that 0'(t) = for 
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every t G R. This contradicts the action s being free. Hence, we conclude that 
D(<& x ) is nondegenerate, and because 

$(exp(t; + w)x) = p 1 0jeMv)x mexp(w)x)), 

D(Q X ) V is nondegenerate for every v G Wj^ m . This shows that $\yyf*(x) is a 
C ,1 -diffeomorphism for a.e. □ 

3.5. Completion of the proof of the main theorem. Let {fo,go} C «o(r) 
be a good pair and {f,g} C «i(r) its conjugate under $. We use notation A, 
{rii}, uj as in Proposition 13.131 and Remark 13. 141 Recall that 

A= lim io- ni PZ n (Dg )uj ni . 

Hence, replacing the pair {/ , go} by the pair {/ , fygo} for some / > 1, we can 
get a good pair with A satisfying \\A\\ < 1, which we now assume. 

By Theorem EH <S>{W f fo s {x)) = H// S ($(x)) for all x G X, so we consider the 
maps 

a x : Wfo(x) — > W**(x) : exp(v)x t— > exp(Av)x, 

a x : W} s ($(x)) -> W f f s {$(x)) : $(exp(v)x) i-> $ (exp(Av)x) , 

where v G P^™' 1 . Note that 

(37) $ o «° = a x o $. 

In particular, it follows that a x is a homeomorphism. For G X, there 

exists a subsequence {n^} such that f l, 9o/o' J ( 3; ) — -> x as j — > oo. Then by 
Proposition 13.131 

a° = lim (/o n ' 3 9ofo' 3 )\ w fs (x) , 

and by (|37| . 

n,. lim (/ " ///"O 

in the C°-topology. It follows from Theorem 13.151 that the sequence of maps 
(f~ nij gf nij )\w fs (<s>(x)) * s P recom P ac t i n the C -"--topology. Hence, it contains a 
subsequence which converges in the C 1 -topology, and a x is a C 1 -map for a.e. 
x G X. 

Let W™g o be the sum of eigenspaces of A with eigenvalues of minimal mod- 
ulus. Our aim is to show that the map $ restricted to the leaves exp{W™g Q )x 
is linear in suitable C°°-coordinate systems which depend continuously on x. 
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The first step is to show that the maps a x are linear in suitable coordinates 
on the fast stable leaves. Consider the measurable function 

a(x) = snp{\\D(r n gf n ) Hx) P Mx) \\ : n G N}, 

which is well defined by Proposition 13.171 For c > 0, let X(c) be the subset 
of x G X such that a(x) < c and the sequence {fo^gofo has x as an 
accumulation point. By property (iv) of good pair and Proposition 13.171 the 
set U c> oX(c) has full measure in X. 

Let Df \ W rnin — X ■ uj where AgK, |A| < 1, and u G lsom(W™ n ). Using the 

Poincare recurrence theorem, for a.e. (x,u>') G X(c) x lsom(WV^ m ), one can 
construct a sequence {kj}, k = 0, such that 

fo J (x) G X(c) for every j > 1 and uj kj oj' — > lo' as j — > oo. 

Then cu fc J — > id. Hence, by the Fubini theorem, for a.e. x G X(c), there exists 
a sequence {kj}, k = 0, such that 

(38) fo 3 (x) £ -^(c) f° r every j > 1 and — > as j — > oo. 

Now we assume that x G X(c) satisfies ( 1381) . Let {r^ 3 } be a subsequence 
such that 

(/(P #0/0"* J/o'OO /o''(«) as z ^ oo, 
Then by Proposition 13. 13( 2) . 

(39) (/ * Wo' as ^°° 
in the C°-topology. A direct computation shows that 

if 

where 

«2j : W fo( x ) W^O*) : exp(w)x i-> exp((c^A/^K « e W^". 
Clearly, a° ^ — > a x as j — > oo in the C°-topology. It follows from (p7j) that 

(40) a Xtj = f- k ioa f k j{x) of k i 
where 

a^j = $ o a . o — > a x . as j — ► oo 

in the C°-topology. 

Since / is C 1 -close to the algebraic map /o, its Mather spectrum on fast sta- 
ble leaves is contained in a small interval, and by the nonstationary Sternberg 
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linearization [12], [TT], f\ w f*, g \ is linear in suitable coordinate systems. Namely, 
there exists a family of C°°-diffeomorphisms 

L z : Wp Q m - W f f s (z), z e X, 

such that the map z i— > L 2 is continuous in the C^-topology, L^(0) = 2, 
D(L Z ) = id, and 

(41) (Ljjj o / o L z )(v) = p(z)v, v e W™ n , 

with p(z) e GL(W™ n ), \\p(z)\\ < 1. Consider the sequence of maps 

Gfc = L / fc (*(*)) ° a / fc (*) ° L / fc (*(*)) • ^/o ^/o • 

We claim that the sequence of maps restricted to compact sets is uniformly 
bounded and equicontinuous in the C 1 -topology This is equivalent to the 
sequence {a^ } being uniformly bounded and equicontinuous in the C 1 - 

topology. It follows from ([37}, (J39D , and (J40J that 

, _ (0) (0) , , 

Fi,j : (/ ki n * gf n ' + J )\ w f° {Hx)) '>.„., asz - x 

in the C°-topology, and by Theorem 13.151 we may assume, after passing to a 
subsequence, that convergence also holds in the C 1 -topology. By (HOI) . 

We observe that (/^ o Fy o /~ fe 0lw /s (/*j($(a;))) conver g es i n the C 1 -topology 

to a , as i — > 00, and since f n 3 (x) G X(c) for all 7, the derivative of 

/o (^) u 

o F i>3 - o /-^jiw/.^c^))) = (/""'"^r'"^^/.^ (*(,))) 

is uniformly bounded over compact sets and iel This implies that the se- 
quence {a kj } is uniformly bounded in the C 1 -topology. To prove equicon- 

/o \ x ) 

tinuity, we observe that for z, w e Wf S (f kj (<&(x))), 
D{a f u ]{x) ) z P z - D{a, ]{x) ) w P w \ < \\D(f k > o (a XJ - Fy) o f ^11 

+ \\D(f^o(F i>j -a x>j )of- k %P w \\. 

Since Fy — > cty as z — > 00 in the C 1 -topology, taking i = sufficiently 
large, we can make the first and the last terms arbitrary small. To estimate 
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the middle term, we use that fo 3 (x) G X(c) for all j and Proposition 13. 161 We 
get 

lhf k l)J '"),/' - D ( / kj F it jf~ kj ) w P w 1 1 « d fs (z, wY + 6 n f», 

where 6 n — > as n — * oo. This proves equicontinuity, and in fact, the stronger 
conclusion: 



(42) 



Let p fc = n°=fc-i P(f s (^i x ))) "with p defined as in (jUj) . Since / is C 1 -close 
to the map /o, which is conformal on the fast stable leaves, it follows that for 
some A < 1 and small e > 0, we have 

(43) ||p fc (x)||«(A + e) fc and ||p fc (x) -1 || <C (A - e)~~ k 
uniformly onxel and k G N. We deduce from (1401) and (141]) that 

(44) G ,=p^G kj ( Pk] v), veW™ n , 

where G j = L~ l o a x j o L x — > G as j — > oo. Fix a basis {e^} of W™ n and 
write 

Gk{v) = y~]G kii (v)et. 

t 

Applying the mean value theorem to the functions t \— > G kjt e(tp kj v), t G [0, 1], 
we deduce that 

QQ 

(45) G k .j(p kj v) = —r^(tj,t{.v)p kj v)(p k] v) s 

s s 

for some t j>e (v) G [0, 1]. Hence, by (HI) . 

(46) GoAv) = (p^B 3 (v)p kj )v 

where Bj(v) is the linear map of W™ n with coefficients coming from (1451) . Let 
Bj = D(G kj )o- From (I4"2"j) . we deduce that 

WBjW-BjW « \\p kj v\\ K , 

and it follows from (1431 that 

(47) Wp^Bj^p^ - p k ^B jPkj || ^ as j — > c». 

Let B = B(x) be a limit point of the sequence of maps p k ^Bj(v)p kj . The 
crucial point of our argument is that B{x) is independent of v because of the 
equicontinuity estimate. Taking j — > oo, we deduce from (1461) that G (v) = 
Bv, and by the definition of Go, 

(48) L; 1 ($(exp(^)x)) = B(x) L; 1 ($(exp(tOx))). 
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This equality holds for G X(c) with c > and hence, for g X. 

Note that since $ is a homeomorphism, the linear map B(x) is nondegenerate. 
Although B(x) is defined only for E X, it follows from (1481) that it can 

be extended continuously to the whole space so that (|48|) holds everywhere. 
Now we consider the maps 

= L-^exp^x), x e X, v e W^, 

which satisfy the equivariance relation § x o A = B(x) o $ x . Recall that by 
Theorem I3.18[ $ x is a C 1 -diffeomorphism for a.e. x G X. Hence, we have 
D($ X ) A = B(x)D($ x ) , and it follows that the map \P X := D(§ x )q 1 o $ x 
commutes with the contraction A. We write A\ W mm = p ■ 6 where p G M, 

|p| < 1, and # G Isom(W / ^ o ). Since 

wjbS. = ^77" : ll^ll = °(p n ) as ™^ °°}' 

and is a C^-map, we deduce that 

m r (w? in ) c wT in . 

x ^ }o,go> ^~ fo,go 

We claim that ty x \ W min is linear. We fix a basis {eA of W 7 P 1 "' and write 
\1> := as 

y( v ) = J2^i(v)ei, veW min 



/o,90' 



By the mean value theorem, 



9t(A»v) = J2^(ti(v)A n v)(A n v) s 

s s 

for some te(v) G [0, 1]. Hence, 

(49) = A" n tf (A n t;) = (A- n L7 n (w)A n )w = (r n O»#> 

where C n {y) is the matrix with coefficients ^r(te(v)A n v). Since \& is a C 1 - 
map and \\A\\ < 1, it follows that C n (v) — > £)(\l/)o as n ^ oo. Passing to a 
subsequence, we may assume that the sequence of isometries 6 n also converges. 
Then it follows from (I49p that ^ is linear. We conclude that for a.e. x G X, 
there exists a linear map C(x) : WV 1 ™ — > such that 

(50) $(exp(^)x) = L Hx) (C(x)v), v G W%£. 

It follows from this relation that C(x) is nondegenerate. Moreover, by continu- 
ity, we may assume that (|5"0|) holds for all x G X, and C(x) depends continu- 
ously on x. Now relation (I50p also implies that $ is a C°°-diffeomorphism along 
the leaves exp(WJ^)x, and the partial derivatives along this leaves depend 
continuously on x G X. 
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Note that if {fo,go} is a good pair, then {h^ 1 foh, h^ 1 foh} is good as well 
for every h G a (T), and we have W^f ohh -i goh = (Dh)~ 1 W^ i g Q . Hence, it 
follows from the irreducibility of the T-action on Lie(G) that 

(si) E w Z2 = u <c)- 

{/o,9o}Ca (r)-good 

Now we consider the elliptic differential operator V s = 2j i where the 

i 

partial derivatives span the tangent space and are taken in directions of 
Wj£*g for some choice of good pairs {/o,<7o}- It follows from the previous 
paragraph that T> s ^> is continuous for every s > 2. Hence, by the regularity 
of solutions of elliptic PDE, \I/ is C°° . Since D($>) x is onto when restricted to 
fast stable distributions of good f and its conjugate /, it follows that D($) x 
is onto as well. Thus, ^I' -1 is C°° by the inverse function theorem. 

4. Existence of good pairs 

4.1. Tori. In this section, we set X = T d , d > 2, and prove 

Proposition 4.1. Let T be a subgroup of Aff(X) such that the Zariski closure 
of DT contains SL^. Then V contains a good pair. 

We will use the following lemma, which is easy to prove using Fourier analysis 
(see, for example, [21 Corollary 1.6 and Remark 1.8]). Let be the Euler totient 
function. 

Lemma 4.2. Let G Aff(X) be such that for every I > 1 satisfying 

(f)(1) < d 2 , the map Df^ l Df l 2 does not have eigenvalue 1. Then for every 
4>ii 4>2 £ L 2 (X), 

J 0i(/ 1 n (x))0 2 (/ 2 ri ( a; )) rf / i ( a; ) -> {^J 4>idf^j (^J fodf^J asn-^oo. 

If the conclusion of Lemma T4.2I holds, then we call the pair {f\, /^j mixing. 
Mixing pairs can be used to construct affine maps satisfying property (iv) of 
good pairs. 

Lemma 4.3. Let f,g G Aff(X) and suppose the pair {f ,gf y } is mix- 
ing. Then for every subsequence {rij} and for a.e. x G X, the sequence 
{f~ ni gf ni (%)}n>o is dense in X. 

Proof. We have 

J ^i{gf~ n g~ l { x ))^2{f~ n {x))d^(x) -> (J (pidfj^ji^J fodf^j as n -> 00 
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for every 0i, 02 £ L 2 (X). By invariance of the measure, this also implies that 



0i(x)0 2 (/ n gf n (x))djj,(x) — ► yj 4>idfj,j yj fad/ij as n oo 

for every l5 2 £ £ 2 P0- 

Now we show that for 5 n = f~ n gf n , the sequence {S ni x} is dense in X for 
a.e. x G X. Let U be a nonempty open subset of X and A = U i >o5~ 1 (?7). We 
have 



This implies that ^{A c ) = 0, i.e. for a.e. x G X, 

{S ni x}i>o n c/ ^ 0. 

Since X has countable base of topology, this proves the lemma. □ 

Proof of Proposition \4-l\ Since -DP" is Zariski dense, there is / G V such that 
Df is M-regular (see [HETJ). In particular, Df is semisimple and hyperbolic. 
Because of Lemmas 14.21 and 14.31 it suffices to find g G T such that Dg belongs 
to the set 

jx G SL d : det(Pf n X\ wr n) ^ 0, det([L>/, X] - id) + for 0(7) < d 2 } . 

One can check that this is a nonempty Zariski open subset of SL^. Hence, 
existence of such g G T follows from Zariski density. □ 

4.2. Semisimple groups. Let G be a connected semisimple Lie groups with 
no compact factors, A a lattice in G, and X = G/A. 

Proposition 4.4. Let T be a subgroup of Aff(X) such that the Zariski closure 
of DT contains Ad(G). Then T contains a good pair. 

Proof. Since DT contains a finite index subgroup consisting of inner automor- 
phisms, we may assume without loss of generality that DT is a subgroup of 
Ad(Cr). It follows from Zariski density [H[2T] that T contains an element / such 
that Df is M-regular. In particular, it is partially hyperbolic and semisimple, 
and hence it satisfies properties (i)-(ii) of the definition of a good pair. If 
we choose g G T so that the pair gf~ 1 g~ 1 } is mixing, then by Lemma 

I4.3[ / and g will satisfy property (iv) of the definition of a good pair. By the 
Howe-Moore theorem, the pair {f~ 1 ,gf~ 1 g~ 1 } is mixing provided that for all 
projections 7Tj : Ad(C) — > Ad(Gj) on simple factors of Ad(G), the sequence 
{7r i {Dg(Df)- n {Dg)~ 1 (Df) n )} is divergent. Since it^Df) is also M-regular, 

Pi = {g G G l : Hi{DfY n ■ g ■ 7Ti{Df) n is nondivergent} 
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is a proper parabolic subgroup of G{. By Zariski density, there exists g e V such 
that Wi(Dg) £ R t for all z, and Pf in {Dg) : Wf in -> Wp in is nondegenerate. 
Such / and g provide a good pair. □ 
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